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The degenerate Bose-Fermi (BF) mixtures in one dimension present a novel realization of two
decoupled Luttinger liquids with bosonic and fermionic degrees of freedom at low temperatures.
However, the transport properties of such decoupled Luttinger liquids of charges have not yet
been studied. Here we apply generalized hydrodynamics to study the transport properties of one-
dimensional (1D) BF mixtures with delta-function interactions. The initial state is set up as the
semi-infinite halves of two 1D BF mixtures with different temperatures, joined together at the time
t = 0 and the junction point x = 0. Using the Bethe ansatz solution, we first rigorously prove the
existence of conserved charges for both the bosonic and fermionic degrees of freedom, preserving the
Euler-type continuity equations. We then analytically obtain the distributions of the densities and
currents of the local conserved quantities which solely depend on the ratio ξ = x/t. The left and
right moving quasiparticle excitations of the two halves form multiple segmented light-core hydro-
dynamics that display ballistic transport of the conserved charge densities and currents in different
degrees of freedom. Our analytical results provide a deep understanding of the quantum transport of
multi-component Luttinger liquids in quantum systems with both bosonic and fermionic statistics.
PACS numbers:
The nonequilibrium dynamics of one dimensional (1D)
integrable systems gives much insight into understanding
the transport of many-body systems [1, 3, 6]. Recently, a
generalized hydrodynamics (GH) approach [7, 8, 15] was
introduced to study the evolution of macroscopic systems
in 1D. For integrable systems, there are infinitely many
conserved quantities in the thermodynamic limit that
essentially give the generalized Gibbs ensemble (GGE)
[6, 7, 7, 8] to evaluate local observables in equilibrium.
With the help of local equilibrium GGE, density dis-
tributions of all conserved quantities and their continu-
ity equations determine the evolution of the systems.
For the two semi-infinite halves of a homogeneous 1D
system suddenly joined at the origin, the steady state
may admit nonzero stationary charge currents inside the
transient region, indicating the ballistic transport of in-
tegrable models [7–9, 9–13, 13, 15, 15–19]. Very re-
cently, this GH method has been adapted to study cor-
relation functions[21, 22], entanglement[23–25], Drude
weights[26, 27] and the evolution of 1D systems confined
by the external field [10, 29, 30]. Beyond Euler-type hy-
drodynamics, diffusion has also been analyzed with the
GH method [31–36].
On the other hand, at low temperatures, univer-
sal phenomena emerge in quantum many-body systems.
In 2D and 3D, the low energy physics of interacting
fermions can be described by Landau’s Fermi liquid the-
ory, whereas the low energy physics of 1D systems is el-
egantly described by the theory of Luttinger liquids [37–
39], i.e. collective motions of bosons. In this scenario,
the low energy physics of 1D systems with internal spin
degrees of freedom is universally described by the spin
charge separation theory of two Luttinger liquids. In con-
trast to the spin charge separated Luttinger liquids in an
interacting Fermi gas [39–41], 1D degenerate Bose-Fermi
(BF) mixtures display two decoupled Luttinger liquids
with both bosonic and fermionic degrees of freedom at
low temperatures [4, 5, 42–44]. In the former, the ef-
fective antiferromagnetic spin-spin interaction leads to
a Luttinger liquid of spinons, whereas in the latter the
Luttinger liquids uniquely emerge in interacting parti-
cles with different quantum statistics. It turns out that
the Luttinger theory can be applied to study transport
problems in 1D [9, 11, 15, 47].
In this paper we report on the transport properties
of the 1D BF mixtures with delta-function interactions.
The initial state is taken to be two semi-infinite 1D tubes
of the BF mixture with different temperatures suddenly
joined together. Building on the Bethe ansatz (BA) so-
lution, we rigorously prove the existence of conserved
charges for both the bosonic and fermionic degrees of
freedom. We analytically obtain the distributions of the
densities and currents of the local conserved quantities
for the bosons and fermions as a function of the ratio
ξ = x/t. Here x is the distance from the junction and
t is the time. The quasiparticle excitations in the two
2halves elegantly determine the segmented multiple light-
core hydrodynamics that displays the ballistic transport
of the densities and currents of the conserved charges.
The nonlinear aspect of spectrum gives rise to different
broadening features of the light cones in distributions of
densities and currents of bosons and fermions. The sub-
tle segmented charge-charge separation emerges in the
steady state of the system within the light cones of the
two degrees of freedom.
The model and conserved charges. A Bose-Fermi
mixture system is described by the Hamiltonian [4, 5]
H =
∫ L
0
dx
(
~
2
2mb
∂xψ
†
b∂xψb +
~
2
2mf
∂xψ
†
f∂xψf
+
gbb
2
ψ†bψ
†
bψbψb + gbfψ
†
bψ
†
fψfψb
)
, (1)
where ψb and ψf are boson and fermion field opera-
tors and mb and mf are the masses of the bosons and
fermions, respectively. We denote by gbb and gbf the
boson-boson and boson-fermion interaction strengths,
noting that their fermion-fermion counterpart is zero
due to the Pauli exclusion statistics of spinless fermions.
When mb = mf = m and gbb = gbf = g, the system is
integrable [4, 5, 42–44].
We consider a system with N total particles of which
M are bosons and N − M are spinless fermions. The
model can be solved using a nested Bethe Ansatz in the
framework of the quantum inverse scattering method,
see the supplementary material [48]. The spectrum
E =
∑N
i=1 k
2
i of the Hamiltonian (1) is determined
by the quasi-momenta {ki} with i = 1, . . . , N and ra-
pidities {Λα} with α = 1, . . . ,M subject to the Bethe
Ansatz equations (BAE)
∏M
α=1 θ (ki − Λα) = e
ikiL, and∏N
j=1 θ (kj − Λα) = 1, where θ(x) =
(
x+ ic2
)
/
(
x− ic2
)
.
The solutions of the BAE give all the eigenstates.
We first prove the existence of two independent sets
of conserved quantities of the BF mixture based on the
polynomial form of its quantum transfer matrix, see [48].
The eigenvalues of the transfer matrix are given by the
nested Bethe Ansatz
t(u) =
M∏
α=1
(
u− Λα + ic
u− Λα
)(
1−
∏N
j=1(u− kj)∏N
j=1 (u− kj − ic)
)
,(2)
exhibiting them as rational functions of the spectral pa-
rameter u. All the coefficients of t(u), when expanded
as a polynomial in u and u−1, are conserved quantities
of the system. These coefficients may be expressed as a
product of two parts. One involves only the {ki}, whereas
the other involves only the {Λα}. The integrability sug-
gests [4, 5] that there are N conserved quantities of the
first type. Thus the remaining M coefficients, i.e. those
involving only the {Λα}, are the independent conserved
quantities in the bosonic degree of freedom.
In the thermodynamic limit, the BAE [49] can be writ-
ten in terms of the distributions of particles ρ(k), σ(Λ)
and holes ρh(k), σh(Λ) in the total charge and bosonic
sectors
ρt(k) =
1
2π
+ a(k) ∗ σ(Λ),
σt(Λ) = a(Λ) ∗ ρ(k), (3)
where a(x) = 12π
4c
c2+4x2 and ∗ denotes the convolution
a(x) ∗ f(y) =
∫∞
−∞ a(x − y)f(y)dy. Following the Yang-
Yang thermodynamic approach [50], we obtain the ther-
modynamic Bethe Ansatz equations (TBAE) for equilib-
rium states at finite temperatures T [49, 51],
ε(k) = k2 − µf − a(k) ∗ fϕ(Λ),
ϕ(Λ) = µf − µb − a(Λ) ∗ fε(k), (4)
where we denoted by ε(k) and ϕ(Λ) the energies of the
excitations, fε,ϕ(x) = T ln
(
1 + e−
ε,ϕ(x)
T
)
and µf and µb
are the chemical potentials of the fermions and bosons.
The BAE (3) and the TBAE (4) provide a convenient
setting for determining the distributions of densities and
currents of all conserved charges in the two degrees of
freedom.
Generalized Hydrodynamics. We apply the GH
[7, 8, 15] to calculate the distributions of densities and
currents of all conserved charges of the model. To this
end, we denote the two sets of single-particle conserved
quantities by hiρ(k) and h
i
σ(Λ). For example: h
1
ρ(k) = 1;
h2ρ(k) = p(k) = k; h
3
ρ(k) = e(k) = k
2; h1σ(Λ) = 1,
etc. Analogously, under the local equilibrium approx-
imation, a non-equilibrium state of an integrable sys-
tem can be identified by the distributions of all the
conserved quantities q1(x), q2(x), ..., qN (x), ..., x ∈ [0, L],
where qi = 〈qˆi〉 , Qˆi =
∫
dxqˆi(x) and Qˆi is the oper-
ator of the conserved quantity. Then, we have expres-
sions for the densities of all the conserved quantities
qib(x, t) =
∫
dk b(k, x, t)hib(k), b = ρ, σ. Following the
GH approach [34], the expectation value of the currents is
given by jib(x, t) =
∫
dkb(k, x, t) vb(k, x, t)h
i
b(k) for a ho-
mogeneous stationary state. Here vb (with b = ρ, σ) is the
sound velocity of the excitations in the total charge and
the bosonic degrees of freedom with vρ(k) =
∂ε(k)
∂pdrρ (k)
=
ε′(k)
p′drρ (k)
and vσ(Λ) =
∂ϕ(Λ)
∂pdrσ (Λ)
= ϕ
′(Λ)
p′drσ (Λ)
. Here pdrρ (k) and
pdrσ (Λ) denote the dressed momenta of the excitations.
Building on the densities and currents of all conserved
quantities in terms of Bethe ansatz densities via the
above definitions of qib(x, t) and j
i
b(x, t), and using the
BAE (3) and TBAE (4), we can prove the continuity
equations for the total charge and the bosonic degrees of
freedom [48]
∂tnρ(k, x, t) + vρ(k, x, t)∂xnρ(k, x, t) = 0,
∂tnσ(Λ, x, t) + vσ(Λ, x, t)∂xnσ(Λ, x, t) = 0, (5)
where we defined the occupation numbers nρ(k) =
ρ(k)
ρ(k)+ρh(k)
and nσ(Λ) =
σ(Λ)
σ(Λ)+σh(Λ)
.
3FIG. 1: (a) and (e) show the velocities of the charge and the bosonic excitations, respectively. Here the asterisks correspond to
the zero and the Fermi quasimomenta k = 0, ±k0 and Λ = 0, ±Λ0, respectively. (b-d) The occupation number nρ of the total
charge is symmetric for the equilibrium state in the two halves: the blue solid line indicates the right half at TR = 0.01 and the
red circles indicate the left half at TL = 2. The occupation number of the total charges is asymmetric for the non-equilibrium
state (NES). The green dashed lines show the occupation numbers determined by Eq. (S70): (b) for ξ = vρ (k0), (c) for ξ = 0
and (d) for ξ = vρ (−k0), respectively. (f-h) The occupation number of the bosons shows a symmetric feature for the equilibrium
states in the two halves: again a blue solid line for the right half at TR = 0.01 and red circles for the left half at TL = 0.2. The
green dashed lines show the occupation numbers determined by the NES Eq. (S70): (f) for ξ = vσ (Λ0), (g) for ξ = 0 and (h)
for ξ = vσ (−Λ0), respectively. The filling areas for the NES (green dashed lines) in (b) and (h) are larger than the areas for
the equilibrium states in the right and left halves, respectively, indicating peaks in the density profiles. On the other hand, the
filling areas for the NES (green dashed lines) in (d) and (f) are smaller than the areas for the equilibrium states in the left and
right halves, respectively, indicating valleys in the density profiles. (c) and (g) show the occupation numbers for the steady
state, indicating the average in the density profiles. µb = 11, µf = 12, c = 10 for all diagrams.
We choose a special initial state, i.e. two semi-infinite
1D systems in equilibrium with TL > TR that are sud-
denly joined together, and then we let the whole system
evolve under the Hamiltonian H (1). Obviously, the ini-
tial state is not in equilibrium and the conserved charges
transport from left to right. In view of the fact that the
relaxation times in the fluid cells are much less than vari-
ational scales of the physical properties [7, 8], the system
has a special scaling invariant property, i.e. under the
scaling transformation (x, t) = (αx, αt), the GH equa-
tions (S57) remain invariant. We then have the solution
(vρ(k, ξ)− ξ)∂ξnρ(k, ξ) = 0
(vσ(Λ, ξ)− ξ)∂ξnσ(Λ, ξ) = 0 (6)
with ξ = x/t. From the initial state, we have the
boundary conditions limξ→±∞ nρ(k, ξ) = n
R,L
ρ (k), and
limξ→±∞ nσ(Λ, ξ) = n
R,L
σ (Λ), which give the flowing so-
lutions of Eq. (6)
nρ(k, ξ) = n
L
ρ (k)H(vρ(k, ξ)− ξ) + n
R
ρ (k)H(ξ − vρ(k, ξ)),
nσ(Λ, ξ) = n
L
σ (Λ)H(vσ(Λ, ξ)− ξ) + n
R
σ (Λ)H(ξ − vσ(Λ, ξ)),(7)
where H(x) denotes the Heaviside step function, H(x) =
1 for x ≥ 0 and zero otherwise. In Fig. 1, we show oc-
cupation numbers in the charge and bosonic sectors for
different values of ξ. In (b)-(d) and (f)-(h), the filling
areas show the occupation numbers of the total charges
and bosons in both equilibrium states and NES, deter-
mining the density profiles in transport, also see Fig. 3.
Fig. 1 (a) shows that the effective velocity of excitations
in the charge sector monotonously increases as the quasi-
momentum increases, indicating positive effective mass
in the nonlinear dispersion. However, in Fig. 1 (e), the
effective velocity of the bosons is observed to be negative
for large |Λ|, indicating negative effective mass in the
nonlinear dispersion. Such a subtle negative mass leads
to a back flow in the boson density current at the light
cone ξ = vσ(Λ0), see Fig. 3 (b).
Emergent ballistic transport. Calculating the GH
equations (S70) is always analytically difficult. At low
temperatures, the distributions of the densities and cur-
rents of all conserved charges, i.e. both the charge and
bosonic degrees of freedom, can be expressed as poly-
4FIG. 2: The light cone diagram of the of the energy current
of the 1D BF mixture after suddenly joining the wo semi-
infinite halves at different low temperatures. Here we set TL =
1, TR = 0.5, µb = 11, µf = 12 and c = 10. The steady
state regions (constant value) and transition regions (peaks
or valleys) show the distinguished features of the separated
linear and non-linear Luttinger liquids, respectively, see the
text.
nomials in the temperature, see [48]. The excitation
energy density distribution relative to the ground state
is given by δE/L =
∑
i=c,b
π
6vi
Wi, where vc = vρ (k0)
and vb = vσ (Λ0) are the Fermi velocities at T = 0.
The functions Wi are given by Wi = T
2
RH (ξ − vi) +
T 2LH (−vi − ξ) +
1
2
(
T 2L + T
2
R
)
H (vi − |ξ|) with i = c, b.
We thus immediately obtain the excitation energy den-
sity and current for the steady state
δEsteady
L
=
1
2
(
T 2L + T
2
R
) ∑
i=c,b
π
6vi
, for ξ = 0 (8)
jE =
π2
6
(
T 2L − T
2
R
) ∑
i=c,b
H (vi − |ξ|) . (9)
These show that the multiple light cone evolutions of the
energy density and current are determined by the ballistic
transport of the quasiparticles with local velocities vρ(k)
and vσ(Λ) in the two sectors. Solving the GH equations
(S70), the BAE (3) and the TBAE (4) by iteration, we
may obtain the distributions of energy, densities and cur-
rents of the conserved charges. Fig. 2 elegantly presents
the ballistic transport of the energy current within dif-
ferent light cones. In this figure, we clearly observe the
crossover of broadening in the vicinity of the light cone,
confirming the prediction from Luttinger liquid theory
[15].
The change in the density of total charges is obtained
in a unified form
δN/L =
∑
i=c,b
FiWi (10)
FIG. 3: Upper panel (a), (b) (lower panel (c), (d)) respectively
show the distributions of the density and current of bosons
(fermions) at low temperatures. The dashed lines show the
results from the first order of the analytical low-temperature
expansion (10), (13) and are in excellent agreement with the
numerical results (solid lines), see [48]. Good agreement is
also seen for the round peaks (12) and (14) near the points
ξ = ±vc,b. The back flows were observed at the points ξ =
±vb. These results were obtained with TL = 0.04, TR = 0.01,
µb = 11, µf = 12 and c = 10.
for the regions |ξ − rvi| > TL(R)/m
∗
i vi with i =
c, b and r = ±1. In the above equations
Fi =
π
6Kivi
[
f ′i (λ0)−
(
v′i
vi
+A (λ0)
)
fi (λ0)
]
. Here Kc =
ε′0(k0), Kb = ϕ
′
0(Λ0), v
′
c = (vρ)
′
(k0) and v
′
b = (vσ)
′
(Λ0),
while f ′i(λ0) = [∂fi(λ)/∂λ]λ=λ0 and fi(λ) and Ai(λ) sat-
isfy the following equations
fi(λ) = f
bare
i +
∫ λ0
−λ0
a(λ− Λ)fi¯(Λ)dΛ, (11)
Ki¯
Ki
Ai(λ) =
∫ λ0
−λ0
a(λ− Λ)Ai¯(Λ)dΛ −
∑
ℓ=±1
a(λ+ ℓλ0)
with fbarec(b) = 1(0), and c¯ = b, b¯ = c, respectively.
In contrast, for the crossover region |ξ − rvi| <
TL(R)/m
∗
i vi with i = c, b and r = ±1, the nonlinear dis-
persion effect gives rise to the peak/valley densities of
charges
δN ri
L
= sgn (rm∗i )
TLfi(λ0)
2πvi
DTR
TL
[
m∗i vi
TL
(ξ − rvi)
]
(12)
with Dη (z) ≡ ln (1 + e
z) − η ln
(
1 + ez/η
)
. Here the ef-
fective mass is defined by m∗i = Ki/(v
′
ivi). The Eq. (12)
shows a universal broadening of the light cones in the low
temperature hydrodynamics of a 1D interacting BF mix-
ture in both the charge and bosonic degrees of freedom.
5We can moreover derive the particle current for the to-
tal charges in the transient region |ξ − rvi| > TL(R)/m
∗
i vi
with i = c, b and r = ±1,
j =
(
T 2L − T
2
R
) ∑
i=c,b
GiH (vi − |ξ|) (13)
with Gi =
π
12Ki
[f ′i(λ0)−Ai(λ0)fi(λ0)]. Similarly, in the
vicinity of the light cones |ξ − rvi| < TL(R)/m
∗
i vi with
i = c, b and r = ±1, the peaks (or valleys ) of the particle
current are given by
jri = sgn (m
∗
i )
TLfi(λ0)
2π
DTR
TL
[
m∗i vi
TL
(ξ − rvi)
]
. (14)
From the results (10), (12), (13) and (14), we can di-
rectly obtain the distributions of the density and current
of bosons and fermions which show excellent agreement
with numerical calculations, see Fig. 3. Here we noted
that the total particle number is conserved and used the
function fbarec(b) = 0(1) in Eq. (11) for the bosonic degree
of freedom.
In summary, we have presented universal emergent
transport properties of the 1D BF mixture, in which two
decoupled Luttinger liquids are formed in the bosonic and
fermionic degrees of freedom, respectively. We have an-
alytically obtained the distributions of the densities and
currents of the local conserved quantities that show the
ballistic transport of the quasiparticles in both charge
degrees. At low temperatures, our analytical expressions
for the transport properties provide a microscopic origin
of ballistic transport for integrable systems with both
bosonic and fermionic fields. This reveals the role of
interaction and quantum statistical effects in quantum
transport.
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Emergent ballistic transport of Bose-Fermi mixtures in one dimension
Sheng Wang, Xiangguo Yin, Yang-Yang Chen, Yunbo Zhang and Xi-Wen Gaun
I. BETHE ANSATZ AND QUANTUM INVERSE SCATTERING METHOD
Here, we give the exact solutions of Bose-Fermi mixture by nested Bethe Ansatz[1–3]
Wavefunction of the system is supposed to be symmetric with respect to insices i = 1, ...,M(bosons) and antisym-
metric with respect to i =M + 1, ..., N(fermions).
We can assume the coordinate Bethe wavefunction have the following form: for 0 < xQ1 < xQ2 < ... < xQN < L
Ψσ(x) =
∑
P
Aσ(P,Q)e
i
∑
i kPixQi , (S1)
where σ = (σ1, σ2, ..., σN ), with σj denoting the SU(1|1) component of the jth particles; P,Q are arbitrary permuta-
tions from SN .
From Schrodinger equation, we have
(
∂
∂xj
−
∂
∂xk
)Ψxj=x+k
− (
∂
∂xj
−
∂
∂xk
)Ψxj=x−k
= 2cΨxj=xk (S2)
and from the continuity of wavefunction, we have
Ψxj−xk=0+ = Ψxj−xk=0− . (S3)
Suppose Q and Q′ are two permutations, such that
Q = (...QaQb...), Q
′ = (...QbQa...), b = a+ 1. (S4)
Similarly, P and P ′ are two permutations,
P = (...PaPb...), P
′ = (...PbPa...). (S5)
Then, for the different regions Q and Q′, we have the Bethe wavefunctions as the following forms,
Q : Ψσ(x) =
∑{
Aσ(P,Q)e
...+ikPaxQa+ikPbxQb+... +Aσ(P
′, Q)e...+ikPbxQa+ikPaxQb+...
}
, (S6)
Q′ : Ψσ(x) =
∑{
Aσ(P,Q
′)e...+ikPaxQb+ikPbxQa+... +Aσ(P
′, Q′)e...+ikPbxQb+ikPaxQa+...
}
. (S7)
According to the two conditions above, we have
Aσ(P,Q) =
(kPa − kPb)PQaQb + ic
kPa − kPb − ic
Aσ(P
′, Q). (S8)
where
Aσ(P
′, Q′) = PQaQbAσ(P
′, Q). (S9)
For simplifying the equation, we set
Y abPbPa =
(kPa − kPb)PQaQb + ic
kPa − kPb − ic
. (S10)
We can also define the permutation operator PσQaσQb of two σQaσQb , such that
PσQaσQbPQaQb = 1, (identical principle) (S11)
A...σQa ...σQb ...(P
′, Q) = PσQaσQbPQaQbA...σQa ...σQb ...(P
′, Q) = PσQaσQbA...σQa ...σQb ...(P
′, Q′). (S12)
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Then we have
Aσ(P,Q) = Y
ab
PbPa
Aσ(P
′, Q) =
(kPb − kPa)− icPσQaσQb
kPb − kPa + ic
Aσ(P
′, Q′). (S13)
Finally, we have the two-body scattering operator,
SQaQb(kPb − kPa) =
(kPb − kPa)− icPσQaσQb
kPb − kPa + ic
. (S14)
To solve the problem of N particles in a box of length L, we need the boundary condition, and here we apply the
periodic boundary condition
Ψ(x1, ..., xi, ..., xN ) = Ψ(x1, ..., xi + L, ..., xN) (S15)
on the wavefunction with period L for every 1 ≤ i ≤ N .
Without losing generality, we can take the position of the ith particle to be 0, xi = 0. For the wavefunction to be
confined in the region 0 ≤ x1 ≤ x2 ≤ ... ≤ xN ≤ L, we have
Ψ(xi = 0, x1, ..., xN ) = Ψ(x1, ..., xN , xi = L) (S16)
Writing out both wavefunctions explicitly,∑
P
Aσ(P1, ...PN ;Qi, Q1, ..., QN )e
i(kP1xQi+...+kPN xQN ) =
∑
P ′
Aσ(P
′
1, ...P
′
N ;Q1, ..., QN , Qi)e
i(kP ′
1
xQ1+...+kP ′N
xQi ).
(S17)
To compare terms on both sides of the equation with the same exponent, we have
Aσ(Pi, P1, ...PN ;Qi, Q1, ..., QN) = e
ikiLAσ(P1, ...PN , Pi;Q1, ..., QN , Qi), (S18)
LHS = S1,i(k1 − ki)S2,i(k2 − ki)...Si−1,i(ki−1 − ki)Aσ(P,Q), (S19)
RHS = Si,N (ki − kN )Si,N−1(ki − kN−1)...Si,i+1(ki − ki+1)e
ikiLAσ(P,Q). (S20)
Then we have
Si+1,i(ki+1 − ki)...SN,i(kN − ki)S1,i(k1 − ki)...Si−1,i(ki−1 − ki)Aσ(P,Q) = e
ikiLAσ(P,Q). (S21)
Consequently, to obtain the exact solutions of the system, we need to solve the eigenvalue equation above. Algebraic
Bethe Ansatz is very successful in doing this problem. Considering the local space as the Hilbert space hn = C
2, then
the entire state space of the system with N particles is given by HN =
∏N
n=1⊗hn.
Let us first introduce the operator Rij(u)
Rij(u) =
u− icPij
u+ ic
(S22)
which acts on the space Vi ⊗ Vj . V is auxiliary space, V = C
2, and Pij is permutation operator.
Denoting the fermion and boson states as
| ↑〉 =
(
1
0
)
, | ↓〉 =
(
0
1
)
. (S23)
Then, all the operators can be expressed as matrixs.
For Bose-Fermi mixture system,
Pij =

−1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1
 , (S24)
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Rij(u) =
u− icPij
u+ ic
=

1 0 0 0
0 uu+ic
−ic
u+ic 0
0 −icu+ic
u
u+ic 0
0 0 0 u−icu+ic
 . (S25)
Setting
f(u) =
u
u+ ic
; g(u) =
−ic
u+ ic
;h(u) =
u− ic
u+ ic
. (S26)
The definition of the Lax operator on j site involves the local quantum space hj and the auxiliary space V which
is C2. It acts on hj ⊗ V and its explicit expression is given by
Lj(kj − u) = f(kj − u) + g(kj − u)Pjτ =
(
a(kj − u) b(kj − u)
c(kj − u) d(kj − u)
)
, (S27)
where a(kj − u), b(kj − u), c(kj − u), d(kj − u) are operators which act in hj .
Lj(kj − u)| ↑〉 =
(
1 g(kj − u)σ
−
j
0 f(kj − u)
)
| ↑〉. (S28)
The Monodromy operator of the system is defined as
TN(u) = LN (kN − u)...L1(k1 − u) =
(
A(u) B(u)
C(u) D(u)
)
. (S29)
For Bose-Fermi mixture system, the Lax operator satisfies the graded Yang-Baxter ralation and the Monodromy
operator satisfies the graded RTT relation
R˜(u − v)[T ′N (u)T
′
N(v)] = [T
′
N(v)T
′
N (u)]R˜(u− v), (S30)
where
R˜ = PR
T ′N(u) = TN(u)⊗s I
T ′N(v) = I ⊗s TN(v).
(S31)
Here ⊗s is the graded tensor product
(A⊗s B)
ab
cd = (−1)
(p(a)+p(c))p(b)AacB
b
d, (S32)
where p(i) is Grassmann parities.
The graded ransfer matrix is defined as
τ(u) = strτTN(u) = A(u)−D(u) (S33)
Then we can obtain the equivalent equation to (S21) as following,
τ(kj)Aσ(P,Q) = e
ikiLAσ(P,Q) (S34)
So, what we need to do next is diagonalizing τ(u).
The definition of ground state is given by
|Ω〉 = | ↑〉N ...| ↑〉1 (S35)
TN (u)|Ω〉 =
(
1 B(u)
0
∏N
j=1 f(kj − u)
)
|Ω〉. (S36)
3
From RTT relation, we can obtain the commutation relations of the matrix elements of the monodromy matrix
[B(u), B(v)] = 0,
A(u)B(v) =
1
f(u− v)
B(v)A(u) −
g(u− v)
f(u− v)
B(u)A(v),
D(u)B(v) =
h(v − u)
f(v − u)
B(v)D(u) +
g(v − u)
f(v − u)
B(u)D(v).
(S37)
We assume that an arbitrary eigenstate of the system has the form B(Λ1)...B(ΛM )|Ω〉, where Ω〉 is the vacuum
state and there are a creation of M Bosons. Then let the transfer matrix act on the eigenstate
τ(u)
M∏
j=1
B(Λj)|Ω〉 =
 M∏
α=1
1
f(u− Λα)
−
M∏
α=1
h(Λα − u)
f(Λα − u)
N∏
j=1
f(kj − u)
 M∏
j=1
B(Λj)|Ω〉
+
M∏
β=1
g(Λβ − u)
f(Λβ − u)
 M∏
α=1,α6=β
1
f(Λβ − Λα)
−
M∏
α=1,α6=β
h(Λα − Λβ)
f(Λα − Λβ)
N∏
j=1
f(kj − Λβ)
B(u) M∏
j=1,j 6=β
B(Λj)|Ω〉
(S38)
when
t2 =
M∏
α=1,α6=β
1
f(Λβ − Λα)
−
M∏
α=1,α6=β
h(Λα − Λβ)
f(Λα − Λβ)
N∏
j=1
f(kj − Λβ) = 0,
=
M∏
α=1,α6=β
Λβ − Λα + ic
Λβ − Λα
−
M∏
α=1,α6=β
Λβ − Λα + ic
Λβ − Λα
N∏
j=1
kj − Λβ
kj − Λβ + ic
.
(S39)
The eigenvalue of the transfer matrix is given by
t1(u) =
M∏
α=1
1
f(u− Λα)
−
M∏
α=1
h(Λα − u)
f(Λα − u)
N∏
j=1
f(kj − u)
=
M∏
α=1
u− Λα + ic
u− Λα
−
M∏
α=1
u− Λα + ic
u− Λα
N∏
j=1
u− kj
u− kj − ic
.
(S40)
So we have the Bethe Ansatz equations {
t1(kj) = e
ikjL
t2 = 0
(S41)
which are
M∏
α=1
kj − Λα + ic
kj − Λα
= eikjL,
N∏
j=1
kj − Λβ + ic
kj − Λβ
= 1.
(S42)
Making a shift in Λ, Λ→ Λ + ic2 , then as same as the results of[4, 5], we obtain the Bethe Ansatz equations
M∏
α=1
kj − Λα +
ic
2
kj − Λα −
ic
2
= eikjL,
N∏
j=1
kj − Λβ +
ic
2
kj − Λβ −
ic
2
= 1.
(S43)
4
II. GENERALIZED HYDRODYNAMICS
The main idea of local equilibrium approximation is that we can separate a system into many fluid cells, and
all these cells are large enough to define the macroscopical properties and small enough to be homogeneous after
appropriate relaxation time. Then a state can be characterized by
ρˆ = ρˆx1 ⊗ ρˆx2 ⊗ ...⊗ ρˆxn ⊗ ... (S44)
where ρˆxi is the density matrix of equilibrium state and xi is the position of the ith fluid cell.
For integrable systems, there are many local conserved quantities Qˆ1, Qˆ2, ..., QˆN . An equilibrium state is a maximal
entropy state constrained by all the conserved quantities. So the density matrix is given by[6]
ρˆ =
e−
∑
i β
iQˆi
Tr[e−
∑
i β
iQˆi ]
. (S45)
Therefore, an equilibrium state of integrable systems can be identified by the expectation values of all the conserved
quantities Q1, Q2, ..., QN , where Qi = 〈Qˆi〉.
Analogously, an non-equilibrium state, under local equilibrium approximation, of integrable systems can be identi-
fied by the distributions of all the conserved quantities q1(x), q2(x), ..., qN (x), ..., where x ∈ [0, L] and qi = 〈qˆi〉,
Qˆi =
∫
dxqˆi(x). (S46)
Now let’s consider the time evolution of the system. According to the generalized hydrodynamics, we can prove
all the local conserved quantities satisfy the continuity equations. As we have showed in the text, for Bose-Fermi
mixture system, there are two independent sets of the conserved quantities, and the continuity equations are given
by the followings
∂tq
i
ρ(x, t) + ∂xj
i
ρ(x, t) = 0,
∂tq
i
σ(x, t) + ∂xj
i
σ(x, t) = 0, i = 1, 2, ...
(S47)
where
qiρ(x, t) =
∫
dk ρ(k, x, t)hiρ(k),
qiσ(x, t) =
∫
dΛ σ(Λ, x, t)hiσ(Λ),
jiρ(x, t) =
∫
dkvρ(k, x, t) ρ(k, x, t)h
i
ρ(k),
jiσ(x, t) =
∫
dΛvσ(Λ, x, t)σ(Λ, x, t)h
i
σ(Λ).
(S48)
Then, we have ∫
dk (∂tρ(k, x, t) + ∂x(vρ(k, x, t)ρ(k, x, t))) h
i
ρ(k) = 0,∫
dΛ (∂tσ(Λ, x, t) + ∂x(vσ(Λ, x, t)σ(Λ, x, t))) h
i
σ(Λ) = 0.
(S49)
Where vρ and vσ are the sound velocities of the excitations. In the above equations, we denoted
vρ(k) =
∂ε(k)
∂pdrρ (k)
=
ε′(k)
p′drρ (k)
,
vσ(Λ) =
∂ϕ(Λ)
∂pdrσ (Λ)
=
ϕ′(Λ)
p′drσ (Λ)
,
(S50)
where ε(k) and ϕ(Λ) are the energies of the excitations, pdrρ (k) and p
dr
σ (Λ) are the momenta of the excitations.
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For quantum integrable systems, when we consider the excited states, the derivatives of momenta and energies have
the following forms,
p′drρ (k) =1 +
∫ ∞
−∞
dΛa(k,Λ)nσ(Λ)p
′dr
σ (Λ),
p′drσ (Λ) =
∫ ∞
−∞
dka(Λ, k)nρ(k)p
′dr
ρ (k),
(S51)
ε′(k) =e′(k) +
∫ ∞
−∞
dΛa(k,Λ)nσ(Λ)ϕ
′(Λ),
ϕ′(Λ) =
∫ ∞
−∞
dka(Λ, k)nρ(k)ε
′(k).
(S52)
From (S51), we can easily find that
p′drρ (k) =2π[ρ(k) + ρh(k)],
p′drσ (Λ) =2π[σ(Λ) + σh(Λ)].
(S53)
These two equations can give us the numerical results of sound velocities (S50) for given nρ(k) and nσ(Λ). Here we
use them to simplify (S49). We see that hiρ(k) and h
i
σ(Λ) are the basis vectors of two function spaces. Therefore the
two differential equations can be obtained from (S49)
∂tρ(k, x, t) + ∂x(vρ(k, x, t)ρ(k, x, t)) = 0,
∂tσ(Λ, x, t) + ∂x(vσ(Λ, x, t)σ(Λ, x, t)) = 0.
(S54)
These two equations can be further simplified. The proof can be found below.
From (S53) and (S50), we have
∂tρ(k, x, t) + ∂x(vρ(k, x, t)ρ(k, x, t)) =
1
2π
∂t(nρ(k, x, t)p
′dr
ρ (k, x, t)) +
1
2π
∂x(nρ(k, x, t)ε
′(k, x, t))
=
1
2π
p′drρ (k, x, t)[∂tnρ(k, x, t) + vρ(k, x, t)∂xnρ(k, x, t)] +
1
2π
nρ(k, x, t)[∂tp
′dr
ρ (k, x, t) + ∂xε
′(k, x, t)] = 0,
∂tσ(Λ, x, t) + ∂x(vσ(Λ, x, t)σ(Λ, x, t)) =
1
2π
∂t(nσ(Λ, x, t)p
′dr
σ (Λ, x, t)) +
1
2π
∂x(nσ(Λ, x, t)ϕ
′(Λ, x, t))
=
1
2π
p′drσ (Λ, x, t)[∂tnσ(Λ, x, t) + vσ(Λ, x, t)∂xnσ(Λ, x, t)] +
1
2π
nσ(Λ, x, t)[∂tp
′dr
σ (Λ, x, t) + ∂xϕ
′(Λ, x, t)] = 0.
(S55)
From (S51) and (S52), we have the relations
∂tp
′dr
ρ (k, x, t) + ∂xε
′(k, x, t) =
∫
dΛa(k,Λ)[∂t(nσ(Λ, x, t)p
′dr
σ (Λ, x, t)) + ∂x(nσ(Λ, x, t)ϕ
′(Λ, x, t))] = 0,
∂tp
′dr
σ (Λ, x, t) + ∂xϕ
′(Λ, x, t) =
∫
dka(Λ, k)[∂t(nρ(k, x, t)p
′dr
ρ (k, x, t)) + ∂x(nρ(k, x, t)ε
′(k, x, t))] = 0.
(S56)
Finally, as same as the results of [7–13]
∂tnρ(k, x, t) + vρ(k, x, t)∂xnρ(k, x, t) = 0,
∂tnσ(Λ, x, t) + vσ(Λ, x, t)∂xnσ(Λ, x, t) = 0.
(S57)
III. ANALYTICAL CALCULATION OF THE QUANTUM TRANSPORT PROPERTIES
Now, let’s work on the low-temperature transport. For the transport propertities, we will show that the description
of generalized hydrodynamics is truly equivalent to two decoupled Luttinger liquids[14]. The foundation of low-
temperature expansion is the Sommerfeld expansion. After the expansion, all the results can be expressed by the
polynomials in terms of the temperatures, and all the coefficients are related to the ground state [9, 11, 15].
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Let’s introduce the dressed charges fq(k) and gq(Λ) which are the charges carried by the excitations
fq(k) =f(k) +
∫ Λ0
−Λ0
a(k − Λ)gq(Λ)dΛ,
gq(Λ) =g(Λ) +
∫ k0
−k0
a(Λ − k)fq(k)dk,
(S58)
where f(k) and g(Λ) are the bare energies of single particles. For example, we consider the energies of the excitations,
f(k) = k2 − µf and g(Λ) = µf − µb in charge and bosonic degrees of freedom.
From the expressions of the densities and currents,
q(ξ) =
∫ ∞
−∞
f(k)nρ(k, ξ)ρ
t(k, ξ)dk +
∫ ∞
−∞
g(Λ)nσ(Λ, ξ)σ
t(Λ, ξ)dΛ
j(ξ) =
∫ ∞
−∞
f(k)nρ(k, ξ)vρ(k, ξ)ρ
t(k, ξ)dk +
∫ ∞
−∞
g(Λ)nσ(Λ, ξ)vσ(Λ, ξ)σ
t(Λ, ξ)dΛ
(S59)
For equilibrium state,
nρ(k) =
ρ(k)
ρt(k)
=
1
eβε(k) + 1
,
nσ(Λ) =
σ(Λ)
σt(Λ)
=
1
eβϕ(Λ) + 1
.
(S60)
We find that the main calculation of the hydrodynamic will involve the expressions of the densities and currents like∫ ∞
−∞
dknρ(k)p(k),
∫ ∞
−∞
dΛnσ(Λ)q(Λ). (S61)
Then we can expand these by the Sommerfeld expansion∫ ∞
0
p(k)
eβε(k) + 1
dk =
∫ k′0
0
dkp(k) +
π2T 2
6
p′(k′0)
(ε′(k′0))
2
−
π2T 2
6
ε′′(k′0)p(k0)
(ε′(k′0))
3
+O(T 4) (ε(k′0) = 0;T → 0). (S62)
We have the same equation as (S62) for
∫∞
−∞
dΛnσ(Λ)q(Λ). Here, k
′
0 is related to the temperature, but what we want
to achieve is that all the coefficients of the polynomials are given only by the ground state properties. So we need to
find the relations between k′0 and k0.
From the thermodynamic Bethe Ansatz equations, we have
ε(k)− ε0(k) = −T
∫ ∞
−∞
a(k − Λ) ln(1 + e−ϕ(Λ)/T )dΛ−
∫ Λ0
−Λ0
a(k − Λ)ϕ0(Λ)dΛ
=
∫ Λ0
−Λ0
a(k − Λ)(ϕ(Λ)− ϕ0(Λ))dΛ +
∫ Λ′0
Λ0
a(k − Λ)ϕ(Λ)dΛ +
∫ −Λ0
−Λ′0
a(k − Λ)ϕ(Λ)dΛ
− T
∫ ∞
−∞
a(k − Λ) ln(1 + e−|ϕ(Λ)|/T )dΛ (ϕ(±Λ′0) = 0)
≈
∫ Λ0
−Λ0
a(k − Λ)(ϕ(Λ)− ϕ0(Λ))dΛ −
π2T 2
6ϕ′0(Λ0)
(a(k − Λ0) + a(k + Λ0)) .
(S63)
Samely, we have
ϕ(Λ)− ϕ0(Λ) =
∫ k0
−k0
a(Λ− k)(ε(k)− ε0(k))dk −
π2T 2
6ε′0(k0)
(a(Λ− k0) + a(Λ + k0)) . (S64)
We then define the following relations to simplify the above expressions
ε(k)− ε0(k) =
π2T 2
6ε′0(k0)
A(k),
ϕ(Λ)− ϕ0(Λ) =
π2T 2
6ϕ′0(Λ0)
B(Λ).
(S65)
7
Then, (S63) and (S64) become
ϕ′0(Λ0)
ε′0(k0)
A(k) =
∫ Λ0
−Λ0
a(k − Λ)B(Λ)dΛ− (a(k − Λ0) + a(k + Λ0)) ,
ε′0(k0)
ϕ′0(Λ0)
B(Λ) =
∫ k0
−k0
a(Λ− k)A(k)dk − (a(Λ− k0) + a(Λ + k0)) .
(S66)
From (S65), we obtain what we need
k′0 − k0 =−
π2T 2
6(ε′0(k0))
2
A(k0),
Λ′0 − Λ0 =−
π2T 2
6(ϕ′0(Λ0))
2
B(Λ0).
(S67)
Finally, we obtain the proper form of (S62),∫ ∞
−∞
nρ(k)p(k)dk =
∫ k0
−k0
p(k)dk +
π2T 2
6(ε′0(k0))
2
[
p′(k0)− p
′(−k0)−
(
ε′′0(k0)
ε′0(k0)
+A(k0)
)
(p(k0) + p(−k0))
]
. (S68)
Samely for
∫∞
−∞ dΛnσ(Λ)q(Λ),∫ ∞
−∞
nσ(Λ)q(Λ)dΛ =
∫ Λ0
−Λ0
q(Λ)dΛ+
π2T 2
6(ϕ′0(Λ0))
2
[
q′(Λ0)− q
′(−Λ0)−
(
ϕ′′0 (Λ0)
ϕ′0(Λ0)
+B(Λ0)
)
(q(Λ0) + q(−Λ0))
]
. (S69)
Now, let’s consider the low-temperature expansion for non-equilibrium state with the given intial state which is set
up as two semi-infinite halves with different temperatures joined together at t = 0, then the solutions of (S57) are
given by
nρ(k, ξ) = n
L
ρ (k)H(vρ(k, ξ)− ξ) + n
R
ρ (k)H(ξ − vρ(k, ξ)),
nσ(Λ, ξ) = n
L
σ (Λ)H(vσ(Λ, ξ)− ξ) + n
R
σ (Λ)H(ξ − vσ(Λ, ξ)). (S70)
First, we consider the region lim
T→0
|ξ ± v0ρ(k0)| 6= 0 and lim
T→0
|ξ ± v0σ(Λ0)| 6= 0, where there is no singularity for the
Heaviside step functions in (S70) at zero temperature, so, the expansions will be performed
q(ξ) =
∫ ∞
−∞
f(k)nρ(k, ξ)ρ
t(k, ξ)dk +
∫ ∞
−∞
g(Λ)nσ(Λ, ξ)σ
t(Λ, ξ)dΛ
=q0 +
∫ k0
−k0
f(k)(ρt(k, ξ)− ρt0(k))dk +
∫ Λ0
−Λ0
g(Λ)(σt(Λ, ξ)− σt0(Λ))dΛ
+
πT 2L
12ε′0(k0)v
0
ρ(k0)
(
f ′(k0)−
(
v0ρ
′(k0)
v0ρ(k0)
+ A(k0)
)
f(k0)
)
H(v0ρ(k0)− ξ)
+
πT 2L
12ε′0(k0)v
0
ρ(k0)
(
−f ′(−k0)−
(
v0ρ
′(k0)
v0ρ(k0)
+A(k0)
)
f(−k0)
)
H(−v0ρ(k0)− ξ)
+
πT 2R
12ε′0(k0)v
0
ρ(k0)
(
f ′(k0)−
(
v0ρ
′(k0)
v0ρ(k0)
+ A(k0)
)
f(k0)
)
H(ξ − v0ρ(k0))
+
πT 2R
12ε′0(k0)v
0
ρ(k0)
(
−f ′(−k0)−
(
v0ρ
′(k0)
v0ρ(k0)
+A(k0)
)
f(−k0)
)
H(ξ + v0ρ(k0))
+
πT 2L
12ϕ′0(Λ0)v
0
σ(Λ0)
(
g′(Λ0)−
(
v0σ
′(Λ0)
v0σ(Λ0)
+B(Λ0)
)
g(Λ0)
)
H(v0σ(Λ0)− ξ)
+
πT 2L
12ϕ′0(Λ0)v
0
σ(Λ0)
(
−g′(−Λ0)−
(
v0σ
′(Λ0)
v0σ(Λ0)
+B(Λ0)
)
g(−Λ0)
)
H(−v0σ(Λ0)− ξ)
+
πT 2R
12ϕ′0(Λ0)v
0
σ(Λ0)
(
g′(Λ0)−
(
v0σ
′(Λ0)
v0σ(Λ0)
+B(Λ0)
)
g(Λ0)
)
H(ξ − v0σ(Λ0))
+
πT 2R
12ϕ′0(Λ0)v
0
σ(Λ0)
(
−g′(−Λ0)−
(
v0σ
′(Λ0)
v0σ(Λ0)
+B(Λ0)
)
g(−Λ0)
)
H(ξ + v0σ(Λ0)).
(S71)
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The terms ρt(k, ξ)− ρt0(k) and σ
t(Λ, ξ)−σt0(Λ) in (S71) are needed to calculated from the Bethe Ansatz equations at
finite and zero temperatures, namely
ρt(k, ξ)− ρt0(k) =
∫ ∞
−∞
a(k − Λ)nσ(Λ, ξ)σ
t(Λ, ξ)dΛ −
∫ Λ0
−Λ0
a(k − Λ)σt0(Λ)dΛ =
∫ Λ0
−Λ0
a(k − Λ)(σt(Λ, ξ)− σt0(Λ))dΛ
+
πT 2L
12ϕ′0(Λ0)v
0
σ(Λ0)
(
a′(k − Λ0)−
(
v0σ
′(Λ0)
v0σ(Λ0)
+ B(Λ0)
)
a(k − Λ0)
)
H(v0σ(Λ0)− ξ)
+
πT 2L
12ϕ′0(Λ0)v
0
σ(Λ0)
(
−a′(k + Λ0)−
(
v0σ
′(Λ0)
v0σ(Λ0)
+B(Λ0)
)
a(k + Λ0)
)
H(−v0σ(Λ0)− ξ)
+
πT 2R
12ϕ′0(Λ0)v
0
σ(Λ0)
(
a′(k − Λ0)−
(
v0σ
′(Λ0)
v0σ(Λ0)
+ B(Λ0)
)
a(k − Λ0)
)
H(ξ − v0σ(Λ0))
+
πT 2R
12ϕ′0(Λ0)v
0
σ(Λ0)
(
−a′(k + Λ0)−
(
v0σ
′(Λ0)
v0σ(Λ0)
+B(Λ0)
)
a(k + Λ0)
)
H(ξ + v0σ(Λ0)),
(S72)
σt(Λ, ξ)− σt0(Λ) =
∫ ∞
−∞
a(Λ− k)nρ(k, ξ)ρ
t(k, ξ)dk −
∫ k0
−k0
a(Λ− k)ρt0(k)dk =
∫ k0
−k0
a(Λ − k)(ρt(k, ξ)− ρt0(k))dk
+
πT 2L
12ε′0(k0)v
0
ρ(k0)
(
a′(Λ− k0)−
(
v0ρ
′(k0)
v0ρ(k0)
+A(k0)
)
a(Λ − k0)
)
H(v0ρ(k0)− ξ)
+
πT 2L
12ε′0(k0)v
0
ρ(k0)
(
−a′(Λ + k0)−
(
v0ρ
′(k0)
v0ρ(k0)
+A(k0)
)
a(Λ + k0)
)
H(−v0ρ(k0)− ξ)
+
πT 2R
12ε′0(k0)v
0
ρ(k0)
(
a′(Λ− k0)−
(
v0ρ
′(k0)
v0ρ(k0)
+A(k0)
)
a(Λ − k0)
)
H(ξ − v0ρ(k0))
+
πT 2R
12ε′0(k0)v
0
ρ(k0)
(
−a′(Λ + k0)−
(
v0ρ
′(k0)
v0ρ(k0)
+A(k0)
)
a(Λ + k0)
)
H(ξ + v0ρ(k0)).
(S73)
After multiplication and integration of (S72)(S73)(S58), we have∫ k0
−k0
f(k)(ρt(k, ξ)− ρt0(k))dk +
∫ Λ0
−Λ0
g(Λ)(σt(Λ, ξ)− σt0(Λ))dΛ
=
πT 2L
12ϕ′0(Λ0)v
0
σ(Λ0)
(
(g′q(Λ0)− g
′(Λ0))−
(
v0σ
′(Λ0)
v0σ(Λ0)
+B(Λ0)
)
(gq(Λ0)− g(Λ0))
)
H(v0σ(Λ0)− ξ)
+
πT 2L
12ϕ′0(Λ0)v
0
σ(Λ0)
(
−(g′q(−Λ0)− g
′(−Λ0))−
(
v0σ
′(Λ0)
v0σ(Λ0)
+B(Λ0)
)
(gq(−Λ0)− g(−Λ0))
)
H(−v0σ(Λ0)− ξ)
+
πT 2R
12ϕ′0(Λ0)v
0
σ(Λ0)
(
(g′q(Λ0)− g
′(Λ0))−
(
v0σ
′(Λ0)
v0σ(Λ0)
+B(Λ0)
)
(gq(Λ0)− g(Λ0))
)
H(ξ − v0σ(Λ0))
+
πT 2R
12ϕ′0(Λ0)v
0
σ(Λ0)
(
−(g′q(−Λ0)− g
′(−Λ0))−
(
v0σ
′(Λ0)
v0σ(Λ0)
+B(Λ0)
)
(gq(−Λ0)− g(−Λ0))
)
H(ξ + v0σ(Λ0))
+
πT 2L
12ε′0(k0)v
0
ρ(k0)
(
(f ′q(k0)− f
′(k0))−
(
v0ρ
′(k0)
v0ρ(k0)
+A(k0)
)
(fq(k0)− f(k0))
)
H(v0ρ(k0)− ξ)
+
πT 2L
12ε′0(k0)v
0
ρ(k0)
(
−(f ′q(−k0)− f
′(−k0))−
(
v0ρ
′(k0)
v0ρ(k0)
+A(k0)
)
(fq(−k0)− f(−k0))
)
H(−v0ρ(k0)− ξ)
+
πT 2R
12ε′0(k0)v
0
ρ(k0)
(
(f ′q(k0)− f
′(k0))−
(
v0ρ
′(k0)
v0ρ(k0)
+A(k0)
)
(fq(k0)− f(k0))
)
H(ξ − v0ρ(k0))
+
πT 2R
12ε′0(k0)v
0
ρ(k0)
(
−(f ′q(−k0)− f
′(−k0))−
(
v0ρ
′(k0)
v0ρ(k0)
+A(k0)
)
(fq(−k0)− f(−k0))
)
H(ξ + v0ρ(k0)).
(S74)
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Finally, we have
q(ξ) =q0 +
π
12ϕ′0(Λ0)v
0
σ(Λ0)
(
T 2Lg
′
q(Λ0)− T
2
Rg
′
q(−Λ0)− (T
2
Lgq(Λ0) + T
2
Rgq(−Λ0))
(
v0σ
′(Λ0)
v0σ(Λ0)
+B(Λ0)
))
H(v0σ(Λ0)− |ξ|)
+
π
12ϕ′0(Λ0)v
0
σ(Λ0)
(
T 2Lg
′
q(Λ0)− T
2
Lg
′
q(−Λ0)− (T
2
Lgq(Λ0) + T
2
Lgq(−Λ0))
(
v0σ
′(Λ0)
v0σ(Λ0)
+B(Λ0)
))
H(−v0σ(Λ0)− ξ)
+
π
12ϕ′0(Λ0)v
0
σ(Λ0)
(
T 2Rg
′
q(Λ0)− T
2
Rg
′
q(−Λ0)− (T
2
Rgq(Λ0) + T
2
Rgq(−Λ0))
(
v0σ
′(Λ0)
v0σ(Λ0)
+B(Λ0)
))
H(ξ − v0σ(Λ0))
+
π
12ε′0(k0)v
0
ρ(k0)
(
T 2Lf
′
q(k0)− T
2
Rf
′
q(−k0)− (T
2
Lfq(k0) + T
2
Rfq(−k0))
(
v0ρ
′(k0)
v0ρ(k0)
+A(k0)
))
H(v0ρ(k0)− |ξ|)
+
π
12ε′0(k0)v
0
ρ(k0)
(
T 2Lf
′
q(k0)− T
2
Lf
′
q(−k0)− (T
2
Lfq(k0) + T
2
Lfq(−k0))
(
v0ρ
′(k0)
v0ρ(k0)
+A(k0)
))
H(−v0ρ(k0)− ξ)
+
π
12ε′0(k0)v
0
ρ(k0)
(
T 2Rf
′
q(k0)− T
2
Rf
′
q(−k0)− (T
2
Rfq(k0) + T
2
Rfq(−k0))
(
v0ρ
′(k0)
v0ρ(k0)
+A(k0)
))
H(ξ − v0ρ(k0)).
(S75)
Now, we have the low-temperature expansion for the densities of the conserved quantities. For the dressed energies
fe(k0) = ε0(k) = 0,
ge(Λ0) = ϕ0(Λ) = 0.
(S76)
Therefore, we have
qe(ξ) = e0 +
π
12v0σ(Λ0)
(
T 2L + T
2
R
)
H(v0σ(Λ0)− |ξ|) +
πT 2L
6v0σ(Λ0)
H(−v0σ(Λ0)− ξ) +
πT 2R
6v0σ(Λ0)
H(ξ − v0σ(Λ0))
+
π
12v0ρ(k0)
(
T 2L + T
2
R
)
H(v0ρ(k0)− |ξ|) +
πT 2L
6v0ρ(k0)
H(−v0ρ(k0)− ξ) +
πT 2R
6v0ρ(k0)
H(ξ − v0ρ(k0)).
(S77)
Let’s move on to the currents
j(ξ) =
∫ ∞
−∞
f(k)nρ(k, ξ)vρ(k, ξ)ρ
t(k, ξ)dk +
∫ ∞
−∞
g(Λ)nσ(Λ, ξ)vσ(Λ, ξ)σ
t(Λ, ξ)dΛ
=
∫ k0
−k0
f(k)(vρ(k, ξ)ρ
t(k, ξ)− v0ρ(k)ρ
t
0(k))dk +
∫ Λ0
−Λ0
g(Λ)(vσ(Λ, ξ)σ
t(Λ, ξ)− v0σ(Λ)σ
t
0(Λ))dΛ
+
πT 2L
12ε′0(k0)
(f ′(k0)−A(k0)f(k0))H(v
0
ρ(k0)− ξ) +
πT 2L
12ε′0(k0)
(f ′(−k0) +A(k0)f(−k0))H(−v
0
ρ(k0)− ξ)
+
πT 2R
12ε′0(k0)
(f ′(k0)−A(k0)f(k0))H(ξ − v
0
ρ(k0)) +
πT 2R
12ε′0(k0)
(f ′(−k0) +A(k0)f(−k0))H(ξ + v
0
ρ(k0))
+
πT 2L
12ϕ′0(Λ0)
(g′(Λ0)−B(Λ0)g(Λ0))H(v
0
σ(Λ0)− ξ) +
πT 2L
12ϕ′0(Λ0)
(g′(−Λ0) + B(Λ0)g(−Λ0))H(−v
0
σ(Λ0)− ξ)
+
πT 2R
12ϕ′0(Λ0)
(g′(Λ0)−B(Λ0)g(Λ0))H(ξ − v
0
σ(Λ0)) +
πT 2R
12ϕ′0(Λ0)
(g′(−Λ0) + B(Λ0)g(−Λ0))H(ξ + v
0
σ(Λ0)).
(S78)
Just like the expansion of densities, now we need to calculate vρ(k, ξ)ρ
t(k, ξ) − v0ρ(k)ρ
t
0(k) and vσ(Λ, ξ)σ
t(Λ, ξ) −
v0σ(Λ)σ
t
0(Λ). From (S50) (S52) and (S53), we have
vρ(k, ξ)ρ
t(k, ξ) =
ε′(k, ξ)
2π
=
e′(k)
2π
+
∫ ∞
−∞
a(k − Λ)nσ(Λ, ξ)vσ(Λ, ξ)σ
t(Λ, ξ)dΛ,
vσ(Λ, ξ)σ
t(Λ, ξ) =
ϕ′(Λ, ξ)
2π
=
g′(Λ)
2π
+
∫ ∞
−∞
a(Λ− k)nρ(k, ξ)vρ(k, ξ)ρ
t(k, ξ)dk.
(S79)
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For ground state, we have (S79) like the following form
v0ρ(k)ρ
t
0(k) =
ε′0(k)
2π
=
e′(k)
2π
+
∫ Λ0
−Λ0
a(k − Λ)v0σ(Λ)σ
t
0(Λ)dΛ,
v0σ(Λ)σ
t
0(Λ) =
ϕ′0(Λ)
2π
=
g′(Λ)
2π
+
∫ k0
−k0
a(Λ− k)v0ρ(k)ρ
t
0(k)dk.
(S80)
Then
vρ(k, ξ)ρ
t(k, ξ)− v0ρ(k)ρ
t
0(k) =
∫ ∞
−∞
a(k − Λ)nσ(Λ, ξ)vσ(Λ, ξ)σ
t(Λ, ξ)dΛ −
∫ Λ0
−Λ0
a(k − Λ)v0σ(Λ)σ
t
0(Λ)dΛ
=
∫ Λ0
−Λ0
a(k − Λ)(vσ(Λ, ξ)σ
t(Λ, ξ)− v0σ(Λ)σ
t
0(Λ))dΛ +
πT 2L
12ϕ′0(Λ0)
(a′(k − Λ0)−B(Λ0)a(k − Λ0))H(v
0
σ(Λ0)− ξ),
+
πT 2L
12ϕ′0(Λ0)
(a′(k + Λ0) +B(Λ0)a(k + Λ0))H(−v
0
σ(Λ0)− ξ) +
πT 2R
12ϕ′0(Λ0)
(a′(k − Λ0)−B(Λ0)a(k − Λ0))H(ξ − v
0
σ(Λ0))
+
πT 2R
12ϕ′0(Λ0)
(a′(k + Λ0) +B(Λ0)a(k + Λ0))H(ξ + v
0
σ(Λ0)).
(S81)
vσ(Λ, ξ)σ
t(Λ, ξ)− v0σ(Λ)σ
t
0(Λ) =
∫ ∞
−∞
a(Λ− k)nρ(k, ξ)vρ(k, ξ)ρ
t(k, ξ)dk −
∫ k0
−k0
a(Λ − k)v0ρ(k)ρ
t
0(k)dk
=
∫ k0
−k0
a(Λ− k)(vρ(k, ξ)ρ
t(k, ξ)− v0ρ(k)ρ
t
0(k))dk +
πT 2L
12ε′0(k0)
(a′(Λ− k0)−A(k0)a(Λ − k0))H(v
0
ρ(k0)− ξ)
+
πT 2L
12ε′0(k0)
(a′(Λ + k0) +A(k0)a(Λ + k0))H(−v
0
ρ(k0)− ξ) +
πT 2R
12ε′0(k0)
(a′(Λ− k0)−A(k0)a(Λ − k0))H(ξ − v
0
ρ(k0))
+
πT 2R
12ε′0(k0)
(a′(Λ + k0) +A(k0)a(Λ + k0))H(ξ + v
0
ρ(k0)).
(S82)
After multiplication and integration of (S81)(S82)(S58), we have
∫ k0
−k0
f(k)(vρ(k, ξ)ρ
t(k, ξ)− v0ρ(k)ρ
t
0(k))dk +
∫ Λ0
−Λ0
g(Λ)(vσ(Λ, ξ)σ
t(Λ, ξ)− v0σ(Λ)σ
t
0(Λ))dΛ
=
πT 2L
12ϕ′0(Λ0)
(
(g′q(Λ0)− g
′(Λ0))−B(Λ0)(gq(Λ0)− g(Λ0))
)
H(v0σ(Λ0)− ξ)
+
πT 2L
12ϕ′0(Λ0)
(
(g′q(−Λ0)− g
′(−Λ0)) +B(Λ0)(gq(−Λ0)− g(−Λ0))
)
H(−v0σ(Λ0)− ξ)
+
πT 2R
12ϕ′0(Λ0)
(
(g′q(Λ0)− g
′(Λ0))−B(Λ0)(gq(Λ0)− g(Λ0))
)
H(ξ − v0σ(Λ0))
+
πT 2R
12ϕ′0(Λ0)
(
(g′q(−Λ0)− g
′(−Λ0)) +B(Λ0)(gq(−Λ0)− g(−Λ0))
)
H(ξ + v0σ(Λ0))
+
πT 2L
12ε′0(k0)
(
(f ′q(k0)− f
′(k0))−A(k0)(fq(k0)− f(k0))
)
H(v0ρ(k0)− ξ)
+
πT 2L
12ε′0(k0)
(
(f ′q(−k0)− q
′(−k0)) +A(k0)(fq(−k0)− f(−k0))
)
H(−v0ρ(k0)− ξ)
+
πT 2R
12ε′0(k0)
(
(f ′q(k0)− f
′(k0))−A(k0)(fq(k0)− f(k0))
)
H(ξ − v0ρ(k0))
+
πT 2R
12ε′0(k0)
(
(f ′q(−k0)− f
′(−k0)) +A(k0)(fq(−k0)− f(−k0))
)
H(ξ + v0ρ(k0)).
(S83)
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Finally, we have the low-temperature expansion for currents
j(ξ) =
π
12ϕ′0(Λ0)
(
T 2Lg
′
q(Λ0) + T
2
Rg
′
q(−Λ0)− (T
2
Lgq(Λ0)− T
2
Rgq(−Λ0))B(Λ0)
)
H(v0σ(Λ0)− |ξ|)
+
π
12ϕ′0(Λ0)
(
T 2Lg
′
q(Λ0) + T
2
Lg
′
q(−Λ0)− (T
2
Lgq(Λ0)− T
2
Lgq(−Λ0))B(Λ0)
)
H(−v0σ(Λ0)− ξ)
+
π
12ϕ′0(Λ0)
(
T 2Rg
′
q(Λ0) + T
2
Rg
′
q(−Λ0)− (T
2
Rgq(Λ0)− T
2
Rgq(−Λ0))B(Λ0)
)
H(ξ − v0σ(Λ0))
+
π
12ε′0(k0)
(
T 2Lf
′
q(k0) + T
2
Rf
′
q(−k0)− (T
2
Lfq(k0)− T
2
Rfq(−k0))A(k0)
)
H(v0ρ(k0)− |ξ|)
+
π
12ε′0(k0)
(
T 2Lf
′
q(k0) + T
2
Lf
′
q(−k0)− (T
2
Lfq(k0)− T
2
Lfq(−k0))A(k0)
)
H(−v0ρ(k0)− ξ)
+
π
12ε′0(k0)
(
T 2Rf
′
q(k0) + T
2
Rf
′
q(−k0)− (T
2
Rfq(k0)− T
2
Rfq(−k0))A(k0)
)
H(ξ − v0ρ(k0)).
(S84)
For energy current
je(ξ) =
π
12
(
T 2L − T
2
R
)
H(v0σ(Λ0)− |ξ|) +
π
12
(
T 2L − T
2
R
)
H(v0ρ(k0)− |ξ|). (S85)
We now consider the region ξ ± v0ρ(k0) ∼ O(T ) and ξ ± v
0
σ(Λ0) ∼ O(T ), where we set TL = T, TR = rT , and we
need to be careful about the singularities in the Heaviside step functions in (S70) at zero temperature because the
Sommerfeld expansion will be different. In the region ξ ± v0ρ(k0) ∼ O(T ), we have∫ ∞
−∞
dknρ(k, ξ)p(k) =
∫ k0
−k0
p(k)dk+
sign(v0ρ
′(k0))T
ε′0(k0)
(
p(k0)Dr
(
ε′0(k0)
ξ − v0ρ(k0)
Tv0ρ
′(k0)
)
− p(−k0)Dr
(
ε′0(k0)
ξ + v0ρ(k0)
Tv0ρ
′(k0)
)) (S86)
where
Dη (z) ≡ ln (1 + e
z)− η ln
(
1 + ez/η
)
. (S87)
We have a similar result for
∫∞
−∞ dΛnσ(Λ, ξ)q(Λ) in the region ξ ± v
0
σ(Λ0) ∼ O(T ). The whole process of low-
temperature expansion is the same as in the region lim
T→0
|ξ ± v0ρ(k0)| 6= 0 and lim
T→0
|ξ ± v0σ(Λ0)| 6= 0. Here, we just
present the final results. For the region ξ ± v0ρ(k0) ∼ O(T )
q(ξ) = q0 + T
sign(v0ρ
′(k0))
2πv0ρ(k0)
(
fq(k0)Dr
(
ε′0(k0)
ξ − v0ρ(k0)
Tv0ρ
′(k0)
)
− fq(−k0)Dr
(
ε′0(k0)
ξ + v0ρ(k0)
Tv0ρ
′(k0)
))
+O(T 2), (S88)
j(ξ) = T
sign(v0ρ
′(k0))
2π
(
fq(k0)Dr
(
ε′0(k0)
ξ − v0ρ(k0)
Tv0ρ
′(k0)
)
+ fq(−k0)Dr
(
ε′0(k0)
ξ + v0ρ(k0)
Tv0ρ
′(k0)
))
+O(T 2). (S89)
For the region ξ ± v0σ(Λ0) ∼ O(T )
q(ξ) = q0 + T
sign(v0σ
′(Λ0))
2πv0σ(Λ0)
(
gq(Λ0)Dr
(
ϕ′0(Λ0)
ξ − v0σ(Λ0)
Tv0σ
′(Λ0)
)
− gq(−Λ0)Dr
(
ϕ′0(Λ0)
ξ + v0σ(Λ0)
Tv0σ
′(Λ0)
))
+O(T 2), (S90)
j(ξ) = T
sign(v0σ
′(Λ0))
2π
(
gq(Λ0)Dr
(
ϕ′0(Λ0)
ξ − v0σ(Λ0)
Tv0σ
′(Λ0)
)
+ gq(−Λ0)Dr
(
ϕ′0(Λ0)
ξ + v0σ(Λ0)
Tv0σ
′(Λ0)
))
+O(T 2). (S91)
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